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A flavor dependent kernel is constructed based on the rainbow-ladder truncation of the Dyson-
Schwinger and Bethe-Salpeter equation approach of Quantum Chromodynamics. The quark-
antiquark interaction is composed of a flavor dependent infrared part and a flavor independent
ultraviolet part. Our model gives a successful and unified description of the light, heavy and heavy-
light ground pseudoscalar and vector mesons. For the first time, our model shows that the infrared
enhanced quark-antiquark interaction is stronger and wider for the lighter quark.
I. INTRODUCTION
Hadrons, subatomic particles that are composed of
quarks and gluons, perform a large scope of spectra:
the lightest hadron, the pion, has the mass Mpi ≈
0.14 GeV, while the heavy hadrons are heavier than
10 GeV[1]. People expect the underling theory, Quantum
Chromodynamics(QCD)[2], can illuminate the hadron
spectrum and unify the description of light and heavy
hadrons. QCD is a non-Abelian local gauge field theory
of strong interaction and has been consistent with exper-
imental observation up to present. Due to the emergent
phenomena at the hadronic scale, i.e. confinement and
dynamical chiral symmetry breaking(DCSB), nonpertur-
bative QCD is still the part of wilderness in the Standard
Model.
Confinement provides an intrinsic wavelength, λc ≈
0.5 fm, for the propagation of quarks and gluons. They
behave like the parton at r < λc and show different prop-
agation mode at r > λc. The propagation of quarks and
gluons would certainly be affected by the finite size of
the hadrons. Surveying hadron physics by QCD needs
non-perturbative method. As an well-established non-
perturbative approach, Lattice QCD(lQCD)[3–5], a lat-
tice gauge theory formulated on a grid, has gained many
progresses on the hadron physics. While lQCD resorts
to brute-force calculation, functional method like the
Dyson-Schwinger equation and Bethe-Salpeter equation
(DSBSE)[6–8] approach is complementary to lQCD.
In this work, we aim at unifying the description of light,
heavy and heavy-light mesons via DSBSE approach. In
this Poincare´ covariant framework the quark propagator
is presented by the Gap equation[6–8] [9],
S−1f (k) = Z2(iγ · k + Zmmf )
+
4
3
g¯2Z1
∫ Λ
dq
Dµν(l)γµSf (q)Γ
f
ν (k, q), (1)
where f = {u, d, s, c, b, t} represents the quark flavor,
l = k − q, Sf the quark propagator, mf the cur-
rent quark mass, Γfν the quark-gluon-vertex, Dµν the
gluon propagator, g¯ the coupling constant. Z1, Z2, Zm
∗ leichang@nankai.edu.cn
are the renormalisation constants of the quark-gluon-
vertex, the quark field and the quark mass respec-
tively.
∫ Λ
dq
=
∫ Λ
d4q/(2pi)4 stands for a Poincare´ in-
variant regularized integration, with Λ the regulariza-
tion scale. A meson corresponds to a pole in the quark-
antiquark scattering kernel[10], and the Bethe-Salpeter
amplitude(BSA), Γfg(k;P ), with k and P the relative
and the total momentum of the meson, P 2 = −M2
and M the meson mass, is solved by the Bethe-Salpeter
equation(BSE)[8, 10, 11],
[
Γfg(k;P )
]α
β
=
∫ Λ
dq
[
Kfg(k, q;P )
]αδ
σβ
[
χfg(q;P )
]σ
δ
, (2)
where Kfg(k, q;P ) is the quark-antiquark scattering ker-
nel, and α, β, σ and δ are the Dirac indexes. χfg(q;P ) =
Sf (q+)Γ
fg(q;P )Sg(q−) is the wave function, q+ = q +
ιP/2, q− = q − (1 − ι)P/2, ι is the partitioning pa-
rameter describing the momentum partition between the
quark and antiquark and dosen’t affect the physical ob-
servables.
A promised consistent way to solve the problem of
the meson spectrum is building a quark-gluon-vertex
and constructing a scattering kernel. The forms of
the quark-gluon-vertex and scattering kernel have been
investigated[12], while the most widely used and techni-
cally simple one is the rainbow-ladder(RL) approxima-
tion,
g¯2Z1Dµν(l)Γ
f
ν (k, q)→ [Z2]2D˜fµν(l)γν , (3)[
Kfg(k, q;P )
]αδ
σβ
→ −4
3
[Z2]
2D˜fgµν(l)[γµ]
α
σ [γν ]
δ
β , (4)
where D˜fgµν(l) =
(
δµν − lµlνl2
)
Gfg(l2) and D˜fµν(l) =(
δµν − lµlνl2
)
Gf (l2) are the effective quark-antiquark in-
teraction. In the original RL approximation, Gfg = Gf
is flavor symmetrical and modeled by[13]
Gf (s) = GfIR(s) + GUV (s), (5)
GfIR(s) = 8pi2
D2f
ω4f
e−s/ω
2
f , (6)
GUV (s) = 8pi
2γmF(s)
ln[τ + (1 + s/Λ2QCD)
2]
, (7)
ar
X
iv
:1
90
3.
07
80
8v
3 
 [n
uc
l-t
h]
  1
8 A
ug
 20
19
2where s = l2. GfIR(s) is the infrared interaction re-
sponsible for DCSB, with D2fωf expressing the interac-
tion strength and ωf the interaction width in the mo-
mentum space. The form, Eq.(6), is used as it enables
the natural extraction of a monotonic running-coupling
and gluon mass[13], whose relation to QCD could be
traced[14]. GUV (s) keeps the one-loop perturbative QCD
limit in the ultraviolet. F(s) = [1 − exp(−s2/[4m4t ])]/s,
γm = 12/(33 − 2Nf ), with mt = 1.0 GeV , τ = e10 − 1,
Nf = 5, and ΛQCD = 0.21 GeV . The values of mt and
τ are chosen different from Ref.[13] so that GUV (s) is
well suppressed in the infrared and the dressed function
GfgIR(s) is qualitatively right in the limit mf → ∞ or
mg →∞..
A nontrivial property of Γfν is its dependence on
the quark flavor due to the dressing effect. By the
same token, Kfg depends on the flavors of the scat-
tering quark and antiquark. For a unified description
of the system with different quarks, the flavor depen-
dence of Γfν and K
fg should be taken into account prop-
erly whatever model forms are used. The RL approx-
imation is phenomenologically successful for the pseu-
doscalar and vector mesons[13, 15–17]. The best param-
eters are (D2fωf )
1/3 = 0.8 GeV and ωf = 0.5 GeV for
the light mesons[13], and (D2fωf )
1/3 ≈ [0.6, 0.7] GeV and
ωf = 0.8 GeV for the heavy mesons[18, 19]. The strength
decreases and ωf increases as the quark mass increases,
showing the fact that heavy-flavor quarks probe shorter
distances than light-flavor quarks at the corresponding
quark-gluon-vertexes[20]. The RL approximation fails to
describe the heavy-light mesons due to the lack of flavor
asymmetry in Eq.(5)-Eq.(7). The spectrum has a larger
error than the quarkonia and the decay constants are to-
tally false[21, 22]. The heavy-light mesons problem has
been surveyed for 20 years in this approach[23–28], yet
no satisfied solution was gained.
II. OUR MODEL
To introduce the flavor asymmetry, one should con-
cern the axial-vector Ward-Takahashi identity(av-WTI),
which guarantees the ground state pseudoscalar mesons
as Goldstone bosons of DCSB[15, 16],
PµΓ
fg
5µ(k;P ) = S
−1
f (k+)iγ5 + iγ5S
−1
g (k−)
−i[mf +mg]Γfg5 (k;P ), (8)
where Γfg5µ and Γ
fg
5 are the axial-vector and pseudoscalar
vertex respectively. Considering the equations of Sf,g,
Γfg5µ and Γ
fg
5 in the RL approximation, Eq.(8) leads to∫ Λ
dq
Gfg(s)γα[Sf (q+)iγ5 + iγ5Sg(q−)]γβ =∫ Λ
dq
γα[Gf (s)Sf (q+)iγ5 + Gg(s)iγ5Sg(q−)]γβ . (9)
Eq.(9) tells us that Gfg(s) is some medium value of
Gf (s) and Gg(s). Considering the scalar part of the prop-
agator, Sf (q) = −i/qσfv (q2) + σfs (q2), we get Gfg(s) =
(σfs (q
2
+)Gf (s) + σgs (q2−)Gg(s))/(σfs (q2+) + σgs (q2−)). It is
well known that the infrared value of σfs (q
2) is propor-
tion to the inverse of the interaction strength and the
width of σfs (q
2) is proportion to ωf . We thus assume
Gfg(s) to be
Gfg(s) = GfgIR(s) + GUV (s), (10)
GfgIR(s) = 8pi2
Df
ω2f
Dg
ω2g
e−s/(ωfωg). (11)
GUV (s) is unchanged from Eq.(7), and as we are dealing
with 5 active quarks, GUV (s) is independent of the quark
flavors. The effective interation D˜fgµν represents the total
dressing effect of the gluon propagator and the two quark-
gluon-vertexes. Eq.(11) means the quark and antiquark
contribute equally to the interaction strength and width.
The preservation the av-WTI could be checked numeri-
cally by the Gell-Mann–Oakes–Renner(GMOR) relation,
which is equivalent to the av-WTI[15, 16],
f˜0− := (mf +mg)ρ0−/M
2
0− = f0− , (12)
with M0− the mass of the pseudoscalar meson and f0−
the leptonic decay constant. f0− and ρ0− are defined by
f0−Pµ := Z2Nc tr
∫ Λ
dk
γ5γµSf (k+)Γ
fg
0−(k;P )Sg(k−),(13)
ρ0− := Z4Nc tr
∫ Λ
dk
γ5Sf (k+)Γ
fg
0−(k;P )Sg(k−), (14)
with Z4 = Z2Zm, Nc the color number, tr the trace of
the Dirac index and Γfg0− the BSA of pseudoscalar mesons.
The BSA is normalized by [29]
2Pµ = Nc
∂
∂Pµ
∫ Λ
dq
tr[Γ(q;−K)
×S(q+)Γ(q;K)S(q−)]|P 2=K2=−M2 , (15)
where Nc = 3 is the color number. Before discussing
the details and results, we first assure the reader of the
preservation of the av-WTI by comparing f0− and f˜0−
in Fig.1. They deviate from each other by no more than
3% for all the pseudoscalar mesons considered here. We
conclude that the av-WTI is perfectly preserved in our
approach.
III. OUTPUTS OF THE MODEL
In Eq.(11), Df,g and ωf,g are parameters expressing
the flavor dependent quark-antiquark interaction. How-
ever, the flavor dependence of these parameters is apriori
unknown. Herein we treat the Df and ωf of each fla-
vor as free parameters. Working in the isospin symmetry
limit, we have 4 independent quarks up to the b quark
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FIG. 1. Decay constants of the ground state pseudoscalar
mesons: f0− defined by Eq.(13) and f˜0− defined by Eq.(12)
and Eq.(14) are our results, flQCD are the lattice QCD data
in Tab. I.
mass: u (or d), s, c and b. There are 3 parameters for
each flavor: Df , ωf and mf . In total there are 12 pa-
rameters. ωu is treated as an independent variable, the
other 11 parameters are dependent variables, which are
fitted by 11 observables: the masses and decay constants
of pi, K, ηc and ηb, and the masses of D, Ds and B. All
the masses and decay constants of the rest ground state
pseudoscalar mesons(except η and η′) and all the ground
state vector mesons are predicted.
The masses and decay constants of the ground state
pseudoscalar mesons are listed Tab.I. Our outputs are
quite stable with ωu varying 10% around 0.5 GeV. With
ωu ∈ [0.45, 0.55] GeV, the masses are almost unchanged
and the decay constants vary within 1.2%. Our output
of MB±s deviates from the experimental value by only
0.01 GeV, which is impossible in the original RL trun-
cated DSBSE. The flavor dependence of the quark gluon
interaction even has a significant effect on the Bc meson.
MBc produced by the original RL truncated DSBSE is
0.11 GeV larger than the experimental value[19]. We re-
duce the error to less than 0.02 GeV herein. Our output
of fD, fD±s , fB , fB±s and fBc are all consistent with the
lattice QCD results, with the deviation less than 6%.
Note that our fD±s is also in good agreement with the
recent experimental measurement[30]. The only absent
mesons in Tab.I are η and η′, which are affected by the
axial anomaly[31, 32] and beyond our present purpose.
A further confirmation of our model is given by the
vector mesons. Our predictions of the static vector me-
son masses and decay constants are listed in Tab.II. The
decay constant is defined analogy to Eq.(13)
f1−M1− = Z2Nc tr
∫ Λ
dk
γµSf (k+)Γ
µ,fg
1− (k;P )Sg(k−),
(16)
with M1− the vector meson and Γ
µ,fg
1− the vector meson
BSA. The vector mesons also show a weak dependence
TABLE I. Masses and decay constants of the ground state
pseudoscalar mesons (in GeV). We use the convention fpi =
0.093 GeV. The lQCD data are taken from: MD and MDs
- Ref. [33]; MB and MBs - Ref. [34]; MBc - Ref. [35]; fpi
and fK - Ref. [36]; fD, fDs , fB and fBs - Ref. [37]; fηc and
fηb - Ref. [38]; fBc - Ref. [39]. Mpi, MK , Mηc , Mηb here
and MΥ in Tab.II are usually used to fit the quark masses
in lQCD calculations[40], so there are no lQCD predictions
for these quantities. The exprimental data are taken from
Ref. [1]. Note that we work in the isospin symmetry limit,
so the average value among or between the isospin multiplet
is cited for pi, K, D and B meson. All the date are cited
with accuracy 0.001 GeV. In our production, the underlined
values are those used to fit the 11 dependent variables, and the
others are our output with the uncertainty corresponding to
ωu ∈ [0.45, 0.55] GeV. The decay constants are fitted to the
lQCD data because an accurate and complete experimental
estimate of these data is still lacking.
herein lQCD expt. herein lQCD
Mpi 0.138 ∗ 0.138(1) fpi 0.0093 0.0093(1)
MK 0.496 ∗ 0.496(1) fK 0.111 0.111(1)
MD 1.867 1.865(3) 1.867(1) fD 0.151(1) 0.150(1)
M
D±s
1.968 1.968(3) 1.968(1) f
D±s
0.181(1) 0.177(1)
Mηc 2.984 ∗ 2.984(1) fηc 0.278 0.278(2)
MB 5.279 5.283(8) 5.279(1) fB 0.141(2) 0.134(1)
M
B±s
5.377(1) 5.366(8) 5.367(1) f
B±s
0.168(2) 0.163(1)
MBc 6.290(3) 6.276(7) 6.275(1) fBc 0.312(1) 0.307(10)
Mηb 9.399 ∗ 9.399(2) fηb 0.472 0.472(5)
TABLE II. Masses and decay constants of ground state vector
mesons (in GeV). The lQCD data are taken from: Mρ - Ref.
[41]; MK∗ - Ref. [42]; Mφ and fφ - Ref. [43]; MD∗ , fD∗ ,
M
D∗±s
, f
D∗±s
, MB∗ , fB∗ , MB∗±s and fB∗±s - Ref. [44]; MJ/ψ
and fJ/ψ - Ref. [45]; MB∗c - Ref. [35]; fB∗c - Ref. [39]; fΥ -
Ref. [46]. The exprimental data are taken from Ref. [1], the
average value between the isospin multiplet is cited for MD∗ .
Hitherto, B∗c meson is not discovered experimentally. All the
date are cited with accuracy 0.001 GeV. The uncertainties of
our results correspond to ωu ∈ [0.45, 0.55] GeV.
herein lQCD expt. herein lQCD
Mρ 0.724(2) 0.780(16) 0.775(1) fρ 0.149(1) –
MK∗ 0.924(2) 0.933(1) 0.896(1) fK∗ 0.160(2) –
Mφ 1.070(1) 1.032(16) 1.019(1) fφ 0.191(1) 0.170(13)
MD∗ 2.108(4) 2.013(14) 2.009(1) fD∗ 0.174(4) 0.158(6)
M
D∗±s
2.166(7) 2.116(11) 2.112(1) f
D∗±s
0.206(2) 0.190(5)
MJ/ψ 3.132(2) 3.098(3) 3.097(1) fJ/ψ 0.304(1) 0.286(4)
MB∗ 5.369(5) 5.321(8) 5.325(1) fB∗ 0.132(3) 0.131(5)
M
B∗±s
5.440(1) 5.411(5) 5.415(2) f
B∗±s
0.152(2) 0.158(4)
MB∗c 6.357(3) 6.331(7) – fB∗c 0.305(5) 0.298(9)
MΥ 9.454(1) ∗ 9.460(1) fΥ 0.442(3) 0.459(22)
4on ωu ∈ [0.45, 0.55] GeV. The deviation from experi-
mental or lQCD values decreases as the mass increases.
The mass deviation is about 6% for the ρ meson, de-
creasing to about 1% for the heavy mesons. The decay
constant deviation is about 12% for the φ meson, de-
creasing to less than 7% for the heavy mesons. This
deviation is attributed to the systematic error of the
RL truncation[17]. The successfulness of the pattern of
the flavor dependent interaction, Eq.(10,11,7), is shown
by the fact that the deviation is of the same order for
both the open-flavor mesons and the quarkonia. We
can see again that the flavor dependence has a signifi-
cant effect on Bc mesons. While MB∗c ≈ 6.54 GeV and
fB∗c ≈ 0.43 GeV in the original RL truncated DSBSE[19],
our results MB∗c ≈ 6.357 GeV and fB∗c ≈ 0.305 GeV is
more consistent with the lQCD predictions. B∗c has not
been discovered experimentally, both our and lQCD pre-
dictions wait for the experimental verification.
At last, we investigate the flavor dependence of
the quark-antiquark interaction. In the heavy quark
limit, the dressing of the quark-gluon-vertex might
be ignored and our adopted interaction is in agree-
ment with QCD[14], so the interaction should satu-
rate Gff (l2) mf→∞−−−−−→ 4piαs Z(l
2)
l2 , with αs the strong-
interaction constant and Z(l2) the dressing function
of the gluon propagator, defined by ∆µν(l) = (δµν −
lµlν
l2 )
Z(l2)
l2 , with ∆µν(l) being the dressed gluon propaga-
tor. As we fix Nf = 5, both αs and Z(l
2) are independent
of the interacting quarks. Phenomenally the parameters,
Df and ωf , should go to a constant as the quark mass
increases. In the chiral limit the interaction is enhanced
because of the dressing of the quark-gluon-vertex[47–51],
which is necessary to trigger chiral symmetry breaking.
The potential is properly defined by the fourier-transform
of the interaction. For the interesting infrared part of our
model we have VffIR (~r) =
∫
d3~l GffIR (l2)e−
~l·~r/ω2f ∝ e−~r2/R2f ,
with ~r the space coordinate and Rf = 2/ωf expressing
the radius of the quark-gluon interaction. Additionally,
we adopt the following quantity to describe the interac-
tion strength[52]:
σf =
1
4pi
∫ (10ΛQCD)2
Λ2QCD
dsGff (s) ∗ s. (17)
The quark mass dependence of σf and Rf is depicted
in Fig.2. The interaction strength and radius reduce as
quark mass raises, which is expected by the fact that
the quark-gluon-vertex dressing effect should decrease
as quark mass increases[48]. The interaction radius,
2/
√
ωfωg, also expresses another fact that the quarks
and gluons have a maximum wavelength of the hadron
size[53].
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FIG. 2. Quark mass dependence of the interaction tension
σf and the radius Rf . The lines are drawn to guide eyes.
IV. SUMMARY AND CONCLUSION
In summary, the flavor dependence of the full quark-
antiquark interaction is an intrinsic property of QCD,
and crucial for an unified description of light and heavy
hadrons. While a perfect quark-gluon-vertex that hold
the proper flavor dependence of QCD has not been found,
we construct a flavor dependent kernel based on the RL
truncation of DSBSE. The quark-antiquark interaction
is composed of a flavor dependent infrared part and a
flavor independent ultraviolet part. With the parame-
ters fixed by physical observables, our model takes into
account not only the flavor dependence, but also the af-
fection of the hadron size. Our model, with the av-WTI
perfectly preserved, provides a successful unified descrip-
tion of light, heavy and heavy-light ground pseudoscalar
and vector mesons. For the first time, our model shows
that the infrared enhanced quark-antiquark interaction
is stronger and wider for the lighter quark. This fla-
vor dependence pattern is universal, and is supposed to
be applicable to baryons, for example, the double charm
baryons within the Faddeev approach. Our approach also
provides a proper description of the inner structure of the
heavy-light mesons, which can be used to calculate some
scattering process, such as the B to pi transition form
5factor.
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Appendix A: Appendix A
The fitted parameters correspond to ωu =
0.45, 0.50, 0.55 GeV are listed in Tab.A1. The quark
mass m¯ζf is defined by
m¯ζf = mˆf/
[
1
2
Ln
ζ2
Λ2QCD
]γm
, (A1)
mˆf = lim
p2→∞
[
1
2
Ln
p2
Λ2QCD
]γm
Mf (p
2), (A2)
with ζ the renormalisation scale, mˆf the renormalisation-
group invariant current-quark mass and Mf (p
2) the
quark mass function, Sf (p) =
Zf (p
2,ζ2)
iγ·p+Mf (p2) .
TABLE A1. Fitted parameters correspond to ωu =
0.45, 0.50, 0.55 GeV. m¯ζ=2GeVf , ωf and Df are all measured
in GeV.
flavor m¯ζ=2GeVf wf D
2
f wf D
2
f wf D
2
f
u 0.0049 0.450 1.133 0.500 1.060 0.550 1.014
s 0.112 0.490 1.090 0.530 1.040 0.570 0.998
c 1.17 0.690 0.645 0.730 0.599 0.760 0.570
b 4.97 0.722 0.258 0.766 0.241 0.792 0.231
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